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We present the concomitant decomposition of an (s + 2)-dimensional space-time both with respect 
to a timelike and a spacelike direction. The formalism we develop is suited for the study of the initial 
value problem and for canonical gravitational dynamics in brane-world scenarios. The bulk metric 
is replaced by two sets of variables. The first set consist of one tensorial (the induced metric Qij), 
one vectorial (Af) and one scalar (M) dynamical quantity, all defined on the s-space. Their time 
evolutions are related to the second fundamental form (the extrinsic curvature Kij), the normal 
fundamental form (10) and normal fundamental scalar (/C), respectively. The non-dynamical set 
of variables is given by the lapse function and the shift vector, which however has one component 
less. The missing component is due to the externally imposed constraint, which states that physical 
trajectories are confined to the (s + 1) -dimensional brane. The pair of dynamical variables [gij, 
Kij), well-known from the ADM decomposition is supplemented by the pairs (M', /C') and (M, K.) 
due to the bulk curvature. We give all projections of the junction condition across the brane and 
prove that for a perfect fluid brane neither of the dynamical variables has jump across the brane. 
Finally we complete the set of equations needed for gravitational dynamics by deriving the evolution 
equations of Kij, JC^ and /C on a brane with arbitrary matter. 



I. INTRODUCTION 

Recent models motivated by string theory / M the- 
ory Q, 1^ indicate that gravity may act in more than 
four non-compact dimensions (the bulk). Our everyday 
experiences are preserved by postulating that ordinary 
standard-model matter remains confined to the brane, 
which is a single spatial time-evolving 3-surface (a tem- 
poral 4-surface). Remarkably, gravity is also shown to 
be localized on the brane in these models 0. As energy- 
momentum is the source for gravity, the expectation is 
that some sort of localization of gravity on the brane 
is quite generic. More exactly, the Ricci-component 
of the curvature should be localized through the bulk 
Einstein equations. However the Weyl-component of 
the curvature induced by black holes in the bulk can 
give rise to the non-localization of gravity. It has been 
known for a while that gravity is not localized on the 
Friedmann-Lemaltre- Robertson- Walker brane embedded 
in Schwarzschild-Anti de Sitter bulk, whenever the for- 
mer has negative cosmological constant A recent ex- 
ample in this sense was found in Q , where it is explicitly 
shown how gravity is delocalized on a vacuum Einstein 
brane by the 5-dimensional (5D) horizon of a bulk black 
hole. The way to see whether gravity is localized on 
the brane is a perturbative one, emerging from the per- 
turbative analysis of the massive Kaluza-Klein modes of 
the bulk graviton by perturbations around a Minkowski 
brane in anti-de Sitter bulk 0| (or Einstein static vacuum 
brane in Schwarzshild-Anti de Sitter bulk 'i^). 

In order to monitor gravitational dynamics from the 
brane observer's viewpoint and to follow the evolution 
of matter fields on the brane, the decomposition of bulk 
quantities and their dynamics with respect to the brane 
is necessary. This was done in @, leading to an effec- 
tive Einstein equation on the brane, which contains ad- 



ditional new source terms: a quadratic expression of the 
energy-momentum tensor and the " electric" part of the 
bulk Weyl tensor. Brane matter is related to the dis- 
continuity (across the brane) in the second fundamen- 
tal form of the brane through the Lanczos-Sen-Darmois- 
Israel matching conditions |3-0|. The more generic sit- 
uation, allowing for a brane embedded asymmetrically 
and for matter (non-standard-model fields) in the bulk 
was presented in There it was proven that the 5D 
Einstein equations are equivalent on the brane with the 
set of the effective Einstein equations (with even more 
new source terms, arising from asymmetric embedding 
and bulk matter), the Codazzi equation and the twice- 
contracted Gauss equation. For a recent review of other 
issues related to brane- worlds, see |T^ . 

No canonical description of the bulk, similar to the 
standard Arnowitt-Derser-Misner (ADM) treatment of 
the 4D gravity has been given until now. That would be 
straigthforward if one simply aims to increase the dimen- 
sion of space by one. Such a procedure however would 
not know about the preferred hypersurface which is the 
brane. Occurence of effects like the localization of gravity 
on the brane would be difhcult to follow. Therefore we 
propose to develop a formalism which singles out both 
the time and the off-branc dimension. Although wc pri- 
marily have in mind the 3 + 1 + 1 brane-world model, we 
would like to keep a more generic setup for other possible 
applications, like the 2+1+1 decomposition of space-time 
in general relativity. Therefore we develop the formalism 
in s + 1 + 1 dimensions. 

We suppose that the full non-compact space-time B 
can be foliated by a family of (s + l)-dimensional space- 
like leaves St, characterized by the unit normal vector 
field n. The projection of this foliation onto the observ- 
able (s + l)-dimensional space-time A4 (the brane) gives 
the usual s + 1 decomposition of Ai into the foliation 
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FIG. 1: The two foUations with unit normal vector fields n 
and I. The unit vector field m belongs to the tangent space 
spanned by n and / and it is perpendicular to n. 



St, whenever n{x E A4) E TA4. Let us denote the unit 
normal vector field to Al by Z. We also suppose that B 
can be foliated by a family of (s + l)-surfaces (with 
Mo = M), or at least we are able to extend the field I 
in a suitable manner to some neighborhood of Ai. We 
denote by m the unit normal to n in the tangent plane 
spanned by n and I. The intersection of the leaves St and 
represent spatial s-surfaces Ei^, from among which 
St = Sto (Fig. III). 

In Sec. II we define temporal and off-brane evolution 
vectors and we decompose them in an orthonormal basis 
adapted to the foliation St. The (s + 2)-dimcnsional met- 
ric is replaced by a convenient set of dynamical variables 
(^gij, M*, M), together with the lapse and shifts of n. We 
show that one shift component, Af obeys a constraint due 
to the Frobenius theorem. This constraint can be traced 
back to the fact that the trajectories of standard model 
particles are confined to a hypersurface. In other words, 
it is a consequence of the very existence of the brane. 
The simplest way to fulfill this constraint is to choose a 
vanishing M. This in turn is equivalent with choosing 
the two foliations perpendicularly, m" — /°. Then we 
introduce the second fundamental forms of the St, M.^ 
and Yity. hypersurfaces and establish their interconnec- 
tions. This is done via the normals n and /, their "ac- 
celerations", the normal fundamental forms and normal 
fundamental scalars, all to be defined in Sec. II. Some of 
the more technical details needed for the results of Sec. II 
are derived in Appendices A, B and C. 

We establish in Sec. Ill the relation between time- 
derivatives of the dynamical data and various projections 
of extrinsic curvatures {Kij, JQ , K}j. In Sec. IV we write 
the junction conditions, in particular the Lanczos equa- 
tion across a brane containing arbitrary matter in terms 
of these extrinsic curvature projections. 

Sec.V and Appendix D contain the decompositions 
with respect to St, and St^ of the intrinsic cur- 

vatures. We give the decomposition of the connections, 
Riemann, Ricci and Einstein tensors. Among these we 



find the Raychaudhuri, Codazzi and Gauss equations. 
The evolution equations for the set (ifij, /C% /C) are then 
readily deduced in Sec. VI. We give them explicitly for a 
bulk containing nothing but a negative cosmological con- 
stant, but for a generic brane. With this we complete 
the task of giving all gravitational evolution equations in 
terms of one tensorial, one vectorial and one scalar pair 
of dynamical quantities. 

Sec. VII contains the Concluding Remarks. Here we 
compare our formalism specified for s = 2 with previous 
decompositions of space-time in general relativity. 

Notation. A tilde and a hat distinguish the quan- 
tities defined on B and St, respectively. Quantities be- 
longing to M.y- posess a distinctive dimension-carrying 
index while those defined on Sf^ have no special distinc- 
tive mark. For example, the metric 2-forms on B, St, M.^ 
and Ej^ are denoted g, g, ^^'^^^g and g, respectively, while 
the corresponding metric-compatible connections are V, 
D, (^+il:> and D. Then 
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(1) 



project any tensor T^^'"^^ 



on B to St, Mx and Sfp^,, 



spectively. 

Latin indices represent abstract indices running from 
to (s + 1). Greek and bold latin indices, running from 
to (s + 1) and from 1 to s, respectively either count some 
specific basis vectors or they denote tensorial components 
in these bases. Vector fields in Lie-derivatives are repre- 
sented by boldface characters. For example C\-T denotes 
the Lie derivative on B along the integral lines of the vec- 
tor field v. 



II. FUNDAMENTAL FORMS 



First fundamental forms of E 



St and 



By a careful study of the two foliations in Appendix A 
we arrive to the conclusion that temporal and off-brane 
evolutions happen along vector fields given as: 



dt, 
d_ 



= iVn" + + Mm" , (2) 
= M" + Mm" . (3) 



In the above formulae N°' and N have the well-known 
interpretation from the decomposition of the 3 -I- 1 di- 
mensional space-time as shift vector and lapse function. 
The quantity M is the component of the shift in the off- 
brane direction (Fig. O. Finally the vector Af" and the 
scalar M are quantities representing the off-brane sector 
of gravity, all defined on (Fig. ISJ. 



FIG. 2: Decomposition of the time-evolution vector d/dt, 
when the two fohations are not perpendicular. 




FIG. 3: Decomposition of the off-brane evolution vector d/dx 
for non-perpendicular foliations. 



The (s -(- 2)-dimensional metric is 

gab = gab + mamb - UaUb 



(4) 



gab being the induced metric of E^^. In Appendix B we 
proove a simple relationship between the corresponding 
determinants: 



-g = NM^ . (5) 
The induced metrics on St and on A^^^, are respectively: 

gab = gab + nam = gab + mairib , (6) 

mamb = gab - naV-b . (7) 



= gab 



They obey 5^6^^ = '^'+^^gabl'' = 0. 

A simple counting shows that the (s -I- 2) (s -t- 3) /2 
components of the (s -f 2)-metric 'gap can be replaced 
by the equivalent set {gab, M°, M, N'',J\f, N}, for which 
the restrictions gabn'^ = gabm'^ = M'^Ua — M°-ma — 
N^'Ua = N°"ma = apply. In Appendix C we however 
prove from the Frobenius theorem the constraint (|C2|) on 
M and M . This seems to reduce the number of variables, 



FIG. 4: Decomposition of the temporal and off-brane evolu- 
tion vectors d/dt and d/dx for perpendicular foliations. 



still the information is not lost. Although the number of 
gravitational variables is reduced by one, we gain the in- 
formation that the evolution of standard-model fields is 
constrained to a hypersurface. The easiest way to satisfy 
this constraint is to choose 



A/' = 



(8) 



which means perpendicular foliations (Fig. ^J. We will 
follow this choice, which leads to the identification 



(9) 



in the rest of the paper (excepting Appendices A, B and 
C, the results of which are indispensable in deriving the 
constraint (|C2I) '). 



B. Second fundamental forms of T,tx 1 St and Aix 

We introduce the 'St^, St and Al^ -projections of the 
covariant derivative of an arbitrary tensor T^^'"^'' defined 
on B as: 
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.(10) 



coincides with its projection to Sj^, St or 



WhenT,7;- 

Al^, the expressions ()1U|I are the covariant derivatives in 
Sf^, St OT M^, respectively (they annihilate the corre- 
sponding metrics). Despite the notation, projections of 
derivatives of tensors not lying on "^tx, and Mx are 
not derivatives, as they fail to obey the Leibniz rule. For 
example: Da{Ml^) = MDal''. 

As there are two normals to "Stx, we can define two 
kinds of extrinsic curvatures: 



Kab 
Lab 



DaTib = glt^cUd , 
Dah — gab^dd ■ 



(11) 
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We denote their traces by K and L. It is immediate to 
see the symmetry of these extrinsic curvatures by noting 
that 71b = —NWbt and li, = MWbX (see Eqs. (ESI)). 

It is also useful to introduce the extrinsic curvatures of 
St : 

Kab = DaUb = glt^cnd = + naU^V cUb. ■ (12) 

As n"" and /" are hypersurface-orthogonal, all extrinsic 
curvatures defined above are symmetric. 

An (s + 1) + 1 decomposition would be the generaliza- 
tion to arbitrary dimension of the ADM decomposition 
of gravity, in which the extrinsic curvature K°-^ takes the 
role of the canonical momenta associated to gab- Instead 
we would like a formalism which singles out both direc- 
tions n an d I. By identif ying gab = {gab-, M°- , M,M, N"-} 
(see Eqs. (IA1|) . © and (jAGp ). it is immediate to choose 
the set {gab, M"', AI} as canonical coordinates on St and 
to search for the canonical momenta among the various 
projections of Kab- 

Kab = Kab + ^li^al^b) + LklC - (13) 

The quantities 

ICa = ^'+'¥j'K,d , 

IC = Fl^Kcd (14) 

represent off-brane projections of Kab- is the normal 
fundamental form, introduced in [l^] and we call K. the 
normal fundamental scalar. The extrinsic curvature Kab 
defined in Hll|) can be shown to be the projection of Kab 

to ^tx- 

Kab = ^'+'¥at Kcd (15) 

from the 5^ = ^^^^^gdSa property of the projectors. We 
remark that l"'Kab = and P/Ca — hold, thus Kab and 
/Ca are tensors defined on S^^. 

In terms of the (s + 2)-connection V, the projections 
Ka and K. are expressed as: 

Ka = g'j'^bfic = gll'^cUb , 

IC = n''Vanb = l^CJa - (16) 

The second expression for /Ca follows from the symmetry 
of in Eq. l(T^ . 

Alternatively, keeping in mind the bulk-brane scenario, 
where a decomposition with respect to the normal 1°" is 
frequently desirable , we introduce the extrinsic curva- 
ture of the space-time leave Ai^ : 

^'+'Kb = ^'+'^Dalb - ^'+'Vab^cld = ^alb " U'^ db , 

. . 

and we decompose it with respect to the Sf^ foliation as 

^'+'Kb = Lab + 2n(^aCb) + UaUbC . (18) 



Here the quantities 

>Ca = -tn^'^'+'^Lbc , 
C = n'^n^'-'+^ab (19) 

represent timelike projections of ^^~^^^Lab and the previ- 
ously introduced extrinsic curvature Lab is nothing but 
the projection of '^'^^^^Lab to St^: 

Lab^Vat^'^'^L^d- (20) 

As n°-Lab — and n"'Ca = indicate, both Lab and Ca 
are tensors defined on Et-^. 

The projections Ca and C can be equally expressed as: 

- -ga^'^blc - -ffN'Ve/f, = ICa , 

C = n^n^Vah = n^CiUa - (21) 

Thus Ca will be replaced in all forthcoming computations 
by Ka- 

We have just completed the task to characterize both 
the extrinsic curvatures of St and of in terms of 
quantities defined on Y,tx alone. 

Finally we define the curvatures a" and A"^ of the con- 
gruences n°' and 1°' 

= n^^cn^ = g^n'^XI ^n'^ - Ct , (22) 
A*- = I'^^JJ}' = g^l'^^cl'^ + K.n^ . (23) 

The second pair of expressions for each of the above cur- 
vatures are nothing but their s + 1 + 1 decomposition. 
Physically, the curvature a" is the nongravitational ac- 
celeration of observers with velocity . Detailed expres- 
sions for these curvatures are deduced in Appendix C. 

Let us note, that the sets of Eqs. ||T21)-(|I21) and lfT7|) - 
(|18|l allow for the following decompositions of the covari- 
ant derivatives of the normals: 

Va^fc = Kab + '2]C{alb) + LkK. - UaUb , 
Vah = Lab + 2/C(anb) -I- naUbC + laXb - (24) 

From here we find simple expressions for their covariant 
divergences: 

Wafi" = k = K + IC, 
Val" = L = L-C . (25) 

We also derive the useful relation 

Van'Vbn'' = A'ahi?"' = KabK'^' + 2/Ca/C° + JC^ . (26) 

III. TIME-DERIVATIVES OF gab, M" AND M 

In this section we establish the relations among the 
time derivatives of the dynamical data {gab, M"-, M } and 
extrinsic curvatures {ATaf,, /Ca, /C} and {Lab, Ca, C} - 
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We proceed as follows. First we define suitable deriva- 
tives of tensors from St and A^^ as the respective projec- 
tions of the Lie-derivative in B along an arbitrary vector 
flow V: 

n rpa\...aj. -'^\...aj.d\...ds'n rpC\...Cj. (0'7\ 

'~'^^bi...b, — 9ci...crbi...bs '-^-'^di...d, ' V^'^ 

(s-t-lV {s+iypai...aj- [s+1) ai...ard\...ds 

^bi...b^ ^ yci...Crbi...b, 

x£v ^'+'^^i:::Z ■ (28) 

When belongs to St {M^), the derivative C^/ 
(('*+^)£v) is the Lie-derivative in 5*4 (M^). 
When V is d/dt or d/dx, the derivatives decouple as: 

{s+l)r- ^ (5+1)7101. ..Qr „ A/f(*+l)r (s+l)rai...ar 
^bi...b, - ^1 ^fci...f), 

+(^+i)/:M*'+'^b7.::f,"'^ . (so) 



In particular, for the metrics induced on 5*4 and Al^ we 
find: 



Cegab = 2NKab + 2Df^aNb) , 



(31) 



^ 2M(^+i)L„.fc + 2('^+ib(,iV4) .(32) 

at ^ ' 

We have used that the extrinsic curvatures ((T^ and l(T7|l 
are expressible as 

Kab = -^Cndab — -^Cndab , 

^'^'Kb = l^'+'t,^'+%b = ^A'^+^W • (33) 

Next we define a projected derivative of a tensor taken 
from Y^tx ^ 



p rpa\...aj. a\...a^d\...ds n rpC\...Cj. 



(34) 



in terms of which time- and off-brane derivatives can be 
defined as the projections to 'Yt.x of f^i^ Lie-derivatives 
C taken along d/dt and d/dx directions, respectively: 



d_ 



t: 



C a T, 



b, ...6, 



= NUT^^:::,^^ + c^t.^^--,^; , (35) 



dx 



t; 



bi...b^ 



^ L oT, 



bi...b. 



It is not difficult to show that despite of being projected 
Lie-derivatives, they become partial derivatives in any 



^ The expressions 1271 . 1281 and 1341 . introduced for tensors pro- 
jected to St, Mx or St^, when generaUzed to arbitrary ten- 
sors on B could fail to obey the Leibniz rule. For example: 



adapted coordinate system. Thus for any T^/^"'//''' defined 
on St,^ the property 



d d d d 

didx ~ dxdt 



(37) 



holds. For the s- metric the formulae (|35(l - (|36|l reduce to 
d 



dt 
d_ 

dx 



gab = 2NKab + 2D(,7Vfc) , (38) 
gab - 2MLab + 2D^aMb) , (39) 



where we have used that the extrinsic curvatures of "Et^ 
can be expressed as: 



Kab = -^^ngcd , 
Lab — -^^igcd ■ 



(40) 



Eqs. (|38|l and (|39|l . when inverted with respect to the 
extrinsic curvatures, read: 

f / d 



The comparison of the rhs-s from Eqs. ^ and (EHi), 
also from H23|) and (jC3b|) leads to simple expressions for 
the curvatures and A**: 



= D''{\nN)-a^ , 
A*" = -D'>{lnM)+lCn'' , 



with C and /C given by 

1 / d 



C = 
K. = 

Equivalently: 



MN \dx 
1 / d 



N-M^DaN, , 



MN \dt 



M - N^DaM 



(43) 
(44) 



(45) 
(46) 

(47) 



Finally the difference of the contractions of Eqs. 
(Pljl with 1°- and n° respectively leads to 2IC = 
{[l,n]"- — ICl"" — Cn"-). Inserting the commutator IjCIcp 
and keeping in mind that dM'^/dt = [FiY d A'P / dt and 
dN°-/dx = {Fi)"' dN^ /dx hold in the chosen coordinate 
basis {ep}, we get 



I 



2MN 



— - + M^DbN"" - N^DbM" 

dt dx 



(48) 
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In terms of Lie-derivatives this gives 

2M " 

^ -\M''K'^ - N-'Ll) 



1 



2NM' 



(49) 



Summarizing, Eqs. (|41|l . H46(l and (|48|l express the 
projections of the extrinsic curvature Kab in terms of 
the time derivatives 9gah/9<, dM°-/dt, i9M/i9i and other 
quantities from St^. Concerning the extrinsic curvature 
of A^x' Elqs. and convinces us that Lab and £ 
are those projections of '^'^^^^Lab, which have nothing to 
do with time evolution, while the projection = /C" is 
dynamical. 



IV. THE LANCZOS EQUATION 

Whenever the hypersurfacc Ai has a distributional en- 
ergy momentum Tab, the extrinsic curvature ^'^^^tah will 
have a jump 



A(^+l)L,, = -«2 (Tab--^'+'habr 



(50) 



This is particularly interesting in the brane-world sce- 
nario. Then Tab is composed of the energy-momentum 
tensor Tab of standard model fields and of a A brane ten- 
sion term: 



Tab - -A^^+^kfc + Tab 



(51) 



We allow for a completely generic brane, with energy 
density p, homogeneous pressure p, tensor of anisotropic 
pressures liab and energy transport Qa'- 

Tab = pnaTlb + pgab + ^ab + 2n(<j(5b) . (52) 

We would like to write the Lanczos equation H5U|) in 
terms of the new variables introduced in the previous 
sections. For this we employ the decomposition (|18ll of 
the extrinsic curvature of M . We find the following pro- 
jections of the Lanczos equation: 







pgab 




K^Qa , 


sA£ = 




-A 4 



pgab + Llab -I- -gab {X - 3p + p) 

s 



,(53) 

(54) 
(55) 



V. INTRINSIC CURVATURES 

The Riemann tensor, expression of the intrinsic cur- 
vature of the hypersurfaces arises from the non- 
commutativity of the covariant derivative D: 



(56) 



Here w° e TYit,x is arbitrary. The Riemann tensor of B 
is defined in an analogous manner: 



R^bcdVb = (VcVd - VdVcK 



(57) 



for any u° e TB. Straightforward computation leads to 
the Gauss equation: 



bed 



+L°'cLbd — L'^dLbc ■ 



(58) 



This standard result holds for any s-dimensional hyper- 
surface embedded in an (s 4- 2)-dimensional space |l4i |. 

All other independent projections of R'^bcd are enlisted 
in Appendix C. 

By contracting the Gauss equation twice, the relation 
between the scalar curvatures emerges: 

R = R + 2Rab{n''n^ -l''l^)-2Rabcdn''l^n''f 



Employing 

n^n^Rab 



Rab 

^ajb^cid r> 

n 1 n I Rabcd 



Vaia" -n''Vbn'') + K^ 
-2/Ca/C" + 2KJC , 
V„(A'' -rw'') + i2_ 

+2ICalC'' - 2LC , 

/»2 t^2 o v^a 
L — — 6k.al^ 



KabK'^'' 



we find the relation between the s- and (s 
dimensional curvature scalars: 



R = R + - KabK"'' ~2ICalC'' + 2ICK 
-L^ + LabL"'' + 2CL + 2a'' Xb 
-h2Va(a" - A'^ - Kn'' + LI") . 



(60a) 

(60b) 

(60c) 
+ 2)- 

(61) 



Appendix D contains an independent derivation of Eq. 

Keeping in mind K-a = Ca, this equation shows a 
perfect symmetry between quantities related to Z° and n". 
The expressions of the (s -t- 1 -I- l)-decomposed Riemann, 
Ricci and Einstein tensors in terms of tensors on "Etx are 
also given in Appendix D, as well as the relation between 
the scalar curvatures in a form without total divergences. 



We see that among the gravitational degrees of freedom 
only /Ca will have a jump across the brane due to the dis- 
tributional energy-momentum tensor. This occurs only 
when there is energy transport on the brane. Thus in all 
cosmological models with perfect fluid on the brane none 
of the dynamical variables characterizing gravity will have 
a jump across the brane. 



VI. TIME-DERIVATIVES OF EXTRINSIC 
CURVATURES 

The energy-momentum tensor Tab of the bulk receives 
two types of contributions: Ilab from the non-standard- 
model fields in the bulk and Tab from standard-model 
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fields on the brane. The latter is a distributional source 
located on the brane, at % = (or in terms of generic 
coordinates given covariantly as x ({5?'^}) = 0). In the 
special case when the bulk contains only a cosmological 
constant A, but with a generic source on the brane, from 
Eqs. and (|^ we obtain 



Tab ~ —K^AlJb 



naUb 



{p-X)S (x) - k^AJ gab 
[Uab + 2n(aQb)] <5 (x) , 



and 



T = -Sk^A -{p-3p + 4A) 5 (x) 
By employing the bulk Einstein equation 



Rab — Ti 



ab 



-gab 



(62) 
(63) 

(64) 



we obtain the following projections of the bulk Ricci ten- 
sor: 



glgtRcd 



-n Agab 



p+(s-3)p+(4-s)A 



gab + Hab 



g^i'^Rcd = , 



Six) (65a) 
(65b) 



b = K A 



p - 3p + 4A 



<5(X) . (65c) 



Employing these in Eqs. l|D2a(l . l|D2f^l and (|D2c|l 
of Appendix D and transforming the Lie-derivatives 
^nKab, C,nKa and CtJC to time derivatives by Eq. (|35|l . 
the time evolution of Kab^ K-a and K. can be readily de- 
duced: 



d 

-TTiKab 

at 



N 



glgtRcd — Rab + Lab (L ~ C) ~ 2LacLl 



-Kab [K + JC) + 2KacK^ + 2ICaICb + ClLab 
, DbDaM' 



M 



DbDaN + C^Kab , 



(66a) 



d_ 
dt 

d_ 
dt 



Ka ^ N [^D^'Lab + Da{L-C)- KKa] + C^lCa 



{Ll + C6',)DbN , 



(66b) 



IC 



N 



I'^l^Rab — LabL'^" + C'' + 



ab 



DaD^M 

M 



-2/Ca/C" ~JC{K + JC)+Ci{L-C) 

D°-M 

-DaN + CTSsK. . 



M 



(66c) 



The corresponding expressions containing x-derivatives 
(which are similar to those of the time-evolution equa- 
tions (|41|l . H46|l and (|48|) of the complementary set of 



dynamical data) are: 
N 



d 

TrrKab 
at 



glgbRcd — Rab + Lab {L — C) — 2LacLl 

DbDaM 



-Kab {K + IC) + 2KacK^b + 2/C„/Ch 



M 



1 



d 



+ JJ [o^L-b - M-D.Lab - 2L,^aDb)M' 
+Dt,DaN + N'DJ<ab + 2K,f^aDb)N' , (67a) 

N [-D^'Lab + Da{L-C)~ KICa] + N^'DblC 



(L^ + £5^) DbN + JCbDaN'' 



(67b) 



N{tl''Rab-LabL'"' + C' 



ah 



^2/Ca/C° - /C (X + /C) 



DaD^M 

M 



1 



M 



^{L-Cj- APDa {L - C) 
ox 

DaN + N'^DaK . 



(67c) 



We have employed Eq. H36|) in their derivation. Note 
that in the above formulae Lab and C are also given in 
terms of dynamical data, cf. Eqs. (|42|l and H45|l . 



VII. CONCLUDING REMARKS 

We have developed a decomposition scheme of the 
(s -|- 2) dimensional space-time based of two perpendic- 
ular foliations of constant time and constant x-surfaces. 
In a brane- world scenario the latter contains the brane at 
X = 0. A careful geometrical interpretation has allowed 
for identifying dynamical quantities with geometrical ex- 
pressions. From among the various projections to Tit^ 
of the extrinsic curvature pertinent to the off-brane nor- 
mal solely was found to be dynamical, together with 
all components (Kab, /C" = £° and IC) of the extrinsic 
curvature related to n". Their expression was given in 
terms of time derivatives of the metric gab induced on 
St^, shift vector components and lapse M of d/dx ■ 
Time evolution of the second fundamental form Kab, of 
the normal fundamental form /C" and normal fundamen- 
tal scalar IC were also derived for a generic brane. The 
Lanczos equation was writen in terms of the same set of 
variables. 

Our formalism applied for s = 2 is different from pre- 
vious 2+1-1-1 decompositions in general relativity, de- 
veloped to deal with stationary and axisymmetric space- 
times. There the temporal and spatial directions sin- 
gled out are a stationary and a rotational Killing vec- 
tor. By contrast, we are interested in evolutions along 
the singled-out timelike and ofF-brane directions. The 
formalism developed in |0| relies on the use of a 
factor space with respect to the rotational Killing vector. 
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The induced metric is then defined with this KiUing vec- 
tor and the formaUsm becomes rather comphcated. In 
a more recent approach Gourgoulhon and Bonaz- 
zola introduce the induced metrics by using normal vec- 
tor fields to the 2-space (like we do), hence they avoid 
the use of twist- related quantities. However their treat- 
ment relies on first decomposing space-time with respect 
to the temporal direction, next with respect to the spa- 



tial direction, and this procedure unfortunately lets no 
counterpart to the brane extrinsic curvature in 
their formalism. Thus their formalism is not suited for a 
generalization to brane- world scenarios, where the Lanc- 
zos equation is given precisely in terms of ^'^^^^Lab- For 
convenience we give a comparative table of the quantities 
appearing in the approaches of ^3 and ours (Table H)). 



TABLE L Comparison of our notations and quantities em- 
ployed with those of Ref. fv^ . A triple dot denotes the ab- 
sence of the respective quantity from the formalism. We note 
that the correspondences Z° ^ and Lab ^ L^p hold only 
because we have chosen the two foliations perpendicular to 
each other. 





our formalism 


Gourgoulhon and Bonazzola 


manifolds 


(B, Mx, St, ^tx) 


{£, Et, T.t^ ) 


metrics 


(9, ^'^'^9, 9, 9) 


{9, h, k) 


metric compatible covariant derivatives 


(V, (=+1^1, D, 


0' 1' 11) 


coordinates 


(t, x) 


(i, f) 


singled-out vectors 


(A A.) 


(A A.\ 

\at^ dp ) 


normals 


K, n 


(n", m") 


accelerations 




K, 6°) 


shifts 


(A^", TV), M" 


-A" ^-{q°',Lo), -M" 


extrinsic curvatures 


[^' + ^lab, Kab) 


(..., -K^p) 


extrinsic curvature projections 


(Kab, Lab, ICa = Ca, )C, C) 


(..., — Lal3, ...) 



The system of equations giving the evolution of 
{gab, M°-, M) and {Kab, A^) represents the gravita- 
tional dynamics in terms of variables adapted to the 
brane. In top of these there are constraints on their ini- 
tial values to be satisfied. These are the Hamiltonian and 
diffeomorphism constraints. Their derivation from a vari- 
ational principle in terms of our brane-adapted variables, 
keeping in mind that some of the dynamics is frozen due 
to the existence of the brane as a hypersurface, is in 
progress and will be published in a forthcoming paper. 
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APPENDIX A: THE TWO FOLIATIONS 

The inconstant hypersurfaces St are defined by the 
one-form field n ~ Ndt. Similarly, is the hypersur- 
faces x=constant, defined by I = M'dx- We introduce 
the one-form field m such that the metric in B can be 
written as: 

9 — ® + m (E) m — n ^ n . (Al) 

Here the co-basis {/"} = {ri,F\Tri} has the dual basis 
{//j} = {n,Fj,m}, where {Fj} is some basis in T'Etx- 
Thus Ua = —ria and ma = rria- The normal vector /° to 
can be conveniently parameterized as 

r ^n" sinh 7 + m° cosh 7 . (A2) 

This parameterization assures that Z° has unit norm with 
respect to the metric (jAlll . The dual form to is 

I = g (., ^) = — ?Tsinh7 + m cosh7 . (A3) 

We introduce the second basis {cq} — {d/dt,E\ — 
Fi, d/dx} and its dual co-basis {e'^} = {dt, E\ dx}- The 
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two sets of bases are related as: 



and 



d_ 

dt 



n = Ndt , F' = A'fjc'^ 

_ M'dx + Nsinh^dt 

m — 

cosh 7 



(A4) 



(A5) 



The unknown coefficients A^, and are con- 
strained by the duahty relations (e", e/3) = 6^ = (/", f/s). 
After some algebra we find the relation between the two 
co-bases 



n = Ndt , 
m = Afdt + Mdx , 

F' = N'dt + E' + M'dx , (A6) 



Eq. ljA7a|l shows that the the time-evolution vector d/dt 
is decomposed as in the ADM formalism of general rel- 
ativity: is the lapse function and {N\Af) are the 4D 
shift vector components in the chosen basis. The func- 
tions (M', Af ) represent the arbitrary tangential and nor- 
mal contributions to the off-brane evolution vector d/dx 
with respect to Et^. Eq. ljA7b|l shows that there is no n- 
term in d/dx, thus off-brane evolution in the coordinate 
X happens in St, thus at constant time. 

For convenience we also give the inverted relations 
among the bases: 



dt 
dx 



N 
1 



N__ 

' N 



n + m 



1 (^M^ 
N \ M 



AJ 



F 

M 



(A9) 



and the relation between the bases 



and 



— = Nn + N'Fi + Afm , 
at 

d i 

— = APFi + Mm , 
ox 

Ei = Fi. 

We have introduced the shorthand notations 

M' 



M = Atanh7 



M 



cosh 7 



(A7a) 

(A7b) 
(A7c) 

(A8) 



1 

iV 



d_ 

dt 



KP -N']Ei 

d_ 

dx 



Ud_ 

Mdx 



(AlO) 



Obviously the two foliations will become perpendicular 
for 7 = 0= A/". Then the vectors / and m coincide. 



APPENDIX B: DECOMPOSITION OF THE METRIC 



By substituting Eq. I|A6(1 into the (s + 2)-metric ()A1|I we obtain 



9ap 



^5ijArWj+7V2-A^2 g..]^} gi-^N'M^ +NM 
\ .gijA^'A/j +7VA/ .gijAfj gijM'M^ + M^ 



(Bl) 



To proove in a simple way the relationship ISJ between the determinants of the (s -I- 2)- and s-metrics, we transform 
the determinant g by suitably combining the columns and lines as follows: 



Af^ - gijrn .gijA^'Afj -f TVAf 
.9ij .9ijM' 

AfM 5ijA//j c/ijAz/'Afj + A//2 



.9ij 9ijM' 
.gijAfj gijAf'Afj + M^ 



-ATM 



.9ij 9iiM' 
M^ 



-MM 



NM 



gvjN^ gi^N'M^+MM 
9ij 9ijM' 



= -N^M'^g 



(B2) 
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The inverse of the metric ()Bip has a more cumbersome expression: 



7V2 



M 



M 



V 



^2 _ ^2 ^ 

^ — iV' 



(B3) 



It is convenient to free ourselves from the particular bases employed above. For this purpose we define the generic 
tens orial e xpressions gab = ffij {F')^ (F^),^ , Ar« = iV' (Fi)" , = Af' {Fif, in terms of which Eqs. (jSH), (|X7a| 
and <|A7b|l give Eqs. @ and 



APPENDIX C: CURVATURES OF NORMAL CONGRUENCES 



We start with the computation of the nontrivial Lie-brackets of the basis vectors {//j} — {n, F^ — d/dy^,m}, 
employing first the relations IjAlOp . second that {e^} is a coordinate basis and finally rewriting the resulting expressions 
in the {/^} basis: 



1 

N 
1 

M 



M ^ fN 



N 



M 



[n, Fj]'" = aj (IniV) n'^ + - [d^N^ - -d^AP ) {F^T + -^j ( - 



9j(lnAf)m'' + -9jAf' [FiT 



[n, m\ — — 



1 

M 



— (ln7V)-Afja (IniV) 



MN 



-—M + —M - APd;M + N'^d-.M 
dt dx . 



+ 



MN 



-L a Af' + £ a iV' - A/j^iV' + N^d;KP 



{FiT 



However Frobenius theorem states that should have no m!^ component. Therefore we get the condition 

TV = vM , Dav = . 



(Cla) 
(Clb) 

(Clc) 
(C2) 



Thus M should be proportional to Af, with a proportionality coefficient, which is constant along T^t^- 
Next we announce the following: 

Theorem. If V is the connection compatible with the metric g, any set of vectors {fa] obeying g {fa, //3)=const. 
also satisfy the relation g (/a, Vf^/^j) = giifa, fp] , fa)- 



Proof g ^fa, Vf.fp ) - -g [Vf.fa, fa ) = -g (Vf„//3, fa ) - /a] , f p) = 5 ([/a, //j] , //j) Q-E.D. 

Finally we employ the above result for fp either n or m together with the commutators ljCla|) - (|Clc|l to obtain 
explicit expressions for various components of the curvatures a" and A°: 



at 



5(/a,V„n) (D, - A(lniV) + 



M 



d_ 



(In AT) - KPDa (In TV) 



Xb = g[fa,V,l){f"\ = -Db{\nM) + ^^ 



—M - —M + M'^DaU - N'^DaM 

ot ox 



rib ■ 



(C3a) 
(C3b) 



We have employed the relations DbN = {F')^diN and N°-daM = N'diM, deducible fr om the coordinate basis 
character of {e^}. 



APPENDIX D: DECOMPOSITION OF CURVATURES 



In this Appendix we enlist the relations among the (s + 2) and s-dimensional Riemann, Ricci and Einstein tensors, as 
well as the relation between the scalar curvatures in a fully decomposed form. The formulae are valid for perpendicular 
foliations, m" = 1°^. 
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The projections of the Riemann tensor are Eq. 158|) and 

n'gb9c9dR^jki = DdKbc - DcKbd + ICcLbd - ICdUc , (Dla) 

n'gln''g\R,,M = -C^Kbd + KbkK^ + ICblCd - CLbd + DaDbN , (Dlb) 

l'9lgc9dRtjki ^ DdLbc - DcLbd + JCcKbd - JCdKbc , (Die) 

rgil^g'^R^jki = -CiLbd + UkL^^ - ^b^d + KLKbd - M-^DaDbM , (Did) 

n'V g';g\R,,ki = DaJC, - D.JCd + L^K'^ - Ld^K , (Die) 

n'gig''JR^Jkl - -D.JCb + C^Kbc - K^dL^ - JCLbc ~ 2M-'lC^^D,)M , (Dlf) 

n'Pg^jR^jM = CiKc - DcIC + ICuL^ + Ar^KlD.M - Rr^lCDaM , (Dig) 

n'Pn''g\R,jM = -D^L - LJCd - IC^Kl^ - N-^L-^D.N - N-^CDaN , (Dlh) 

n'Pn''l'R,jki - C^~IC^- iJC^JC - CiC - £„/C + (NUy^ D'ND.M . (Dli) 
Contractions and muhiphcations with the normal vectors of the above formulae give, respectively 

g'a9tRcd = Rab + Kab{K + )C)-2KacK^ + Cr,Kab-N-'DbDaN 

-2/Ca/Cb - Lab {L-C) + 2LacLl - CiLab - M-^DbDaM , (D2a) 
nV-Rab - -C^iK + ^+KabK"^ + N-^DaD''N ^2JCalC'' -IC^ 

-CiC -C{L- C) + {NUy^ DaND^M , (D2b) 
I'^l^Rab = -Ci{L - C) + LabL"^ - M-^DaD'^M + 2K.aK.'' - 

+CnlC + )C{K + )C)- (NAiy^ DaND^M , (D2c) 

n''l''Rab = DalC" - CiK + KabL'''' + K.L + Ar^JC'DaM , (D2d) 

gln'^R.d = D.K'a -Da{K + IC)+ /C„i + CilCa + Ar^KD^M - Af-^JCDaM , (D2e) 

g^J'^Rcd = DcLl -Da{L-C)+ KaK + C^Ka + N-^L^D^N + N-^CDaN . (D2f) 

The last two Eqs. are the Codazzi equations. Note that CnK denotes the trace of CnKab- The scalar curvatures are 
related as 

R = R + -SKabK'"'' + 2Cn{K + IC) -2N-^DaD''N + 2ICK + ICalC'' 

+ iLabL"^ - 2Ci {L- C)- 2M-^DaD''AI + 2CL - (NAiy'^ DaND^AI . (D3) 

By virtue of the (|25|) decompositions of covariant derivatives, Eqs. (|D2bp and ljD2c|l can be put into the forms H6(J|) 
containing divergence terms. So can the scalar curvature. 
Finally, the Einstein tensors are related as 

g'a9tGcd - Gab + KabiK + JC)-2KacK^+CnKab-N-'DbDaN 
-Lab {L~C)+ 2LacLl - ClLab - M-^DbDaAI 

-^gab [K^ - SKcdK^'' + (X + /C) - 2N-^DrD^N] 
-\9ab [-i' + SLedL^'* - 2C^ {L-C)- 2M-^D,D^AL] 

-gab{K,K ^JCcK." ~ {NAiy^ DcND^M^ , (D4a) 

n'^n^Gab = i (i? + - ifafcif"' -L' + iLabL''^) + ICK - JCalC" - /C" 

-CiL + - M-'^DaD'^M , (D4b) 
n'Gab = -^{R-L^ + LabL"'' + K^- SKahK^'') -CL + JCaJC" - C? 

-C^K + ]0 + N-^DaD^N , (D4c) 

n^Z^Gah = n-'l'^Rab , (D4d) 

gln^G^d = gln^Rcd , (D4e) 

gll^G^d = gll^Rcd ■ (D4f) 
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By performing first the traditional (s + 1) + 1 decomposition and then further splitting the (s + 1) dimensional 
spacelike hypersurface into the s-dimensional brane and ofF-brane direction d/dx, we can give an independent proof 
of the relation between the scalar curvatures. The twice contracted Gauss equation for the hypersurface St of B is 

R = R-k^ + kabK''^~2Va{a''-kn°'). (D5) 

The extrinsic curvature Kab of St can be further decomposed employing Eq. \i'6\ , while for R there is an other twice 
contracted Gauss equation, this time for the hypersurface '^t,x ^t- 

R^R + L^- LabL"^ + 2D ail" Del" ~ LI") . (D6) 
The latter relation and Eq. I|13|l inserted in Eq. (|D5p and employing 

Dail^Dcl" - LI") = Vai^" - LI" - JCn") - LC - X^a^ , (D7) 

gives Eq. once again. 
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